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ON PROBLEMS OF MEASURING THE DISTRIRUTION OF POPULATION IN AN URBAN AREA*

Martin Taitel,** University of Chicago

The fact of human life with which we are at
present concerned is this: A very large provor-
tion of the people globulates. Human beings have
not spread equally over the earth's surface (to-
tal or land). Nor have they spread unevenly with
gradually and smoothly rising and falling densi-
ties. Rather they form globules or near glodules
of population at selected locations. These are
loosely and variously referred to as cities,
standard metropolitan areas, urban places, urban-
ized areas, and metropolises.

Quite obviously the vhenomenon of vooulation
globules presents many complex facets for analy-
sis., Variables are many--both those within glob-
ules and those as between globules. Within an
individual globule, there is variation in racial
composition, income, wealth, land value, density,
and so on. Comparison of globules shows varia-
tion in size, income, wealth, land value, trans-
port facilities, average density for finite areas,
industrial comvosition, and so on. Relations=—-
including those between the "within globules" and
those between the "between globules" variables--
do not apvear to be simple or easy to measure.

This paver is limited to consideration of
the density and distance variables of individual
globules. Conceptualization of location as a
point in a plane and of density as a count of
persons per unit area (finite or infinitesimal)
of the vlane defines the variables under consid-
eration. For those variables, this paper is
concerned with methods of measuring the relation
between density and location within an urban area
--with methods of measuring the shave of an indi-
vidual population globule. )

It 18 convenient at this voint to set forth
gome of the notation to be used. This is shown
in Table I. It should be noted that provision is
meade for the distinction between "density" and
“probability. "

According to Winsborough (Unpublished, 1960),
there is 2 considerable body of data of varying
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TABLE I

SELECTED SYMBOLS USED

Probability P P

Deneity for persons:

At a point D D

At the origin or pole Do Dot
Density for an area { S
Polar Coordinates:

'

Radius P

Direction é 6

Direction 00! (-4 ‘é

Distance 00! 0 »C
Rectangular Coordinates:

Abcissa x X

Ordinate y Y

X-x 0 *Cx

Y-y 0 'c,
Parameter for exponential

function /0 /
Size of total universe N .|
Size of sample n
Area A A
Frequency:

Theoretical b 4 f

Observed b4 4

SParameters of location on the plane approximat-
ing the earth's surface.

quality vearing on density and location within
urban areas. Yet Duncan (1957) comments: "Sur
prisingly little systematic study has been de-
voted to the pattern of variation of population
density from one part of the city to enother."
This applies to both empirical measurements of
and theorizing about the shape of population glob—
ules. Since Duncan wrote in 1957, there has
been some additional published work by Clark
(1958) and Stewart and Warntz (1958) and within
my knowledge some still unpublished work by Muth
and Winsborough.

In this limited amount of study, there has
developed an hypothesis expressing density as a
bivariate exponential function of location. Ac~
cording to Duncan (1957) it was first suggested
by Stewart (1947) and later by Clark (1951). In
our notation, this is
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the varizbles of course bveing D, , end 6 .
The listener is cautionel to rememder that

end @ are nolar coordinates and that (1) is not
2 probability function.®*

Yoté that in formulating the hyvothesis in
this vay and @ and, consequently, D are speo-
ified as continuous variables. Further,D is a
relative density at a voint, not an absolute den-
sity. Absolute densities may be conceived of as
siven by ND. However, since N can in fact only
be finite, consistency with fact must be obtained
through a conceptualization of versons as divisi-
ble into infinitesimal particles.

The hypothesis (1) can be cast in terms of
prodbability. If this is done, O and © become
rectangular coordinates and

L, o7 (2P )
azfp e (i) @

Integrating with respect to @ gives a Gamma
distribution as the univariate distribution for

L.
Properties of (1) and (2) are as follows:
1. is the only parameter (since the to-

tal vollme and the origin are assumed known).

2, g4 18 the arithmetic mean distance from
the center, 0, or the first moment of A,

3. 44 /2 is the modal distance from the
center, 0, or the modal .

4, The maximum denfity (not orobability) is

S
‘D’=i_,'7F (/%—) (3)

5. and @ are statistically independent.
Thus,distance from the center does not depend up-
on direction from the center and vice versa,***

6. If (1) is exvressed in rectangular co-
ordinates, then x and y are not

*1 am indebted to Professor William H.
Kruskel for suggesting the difference between
the density and probability function be called
to the attention of the audience.

**It may be heloful to the audience to note
that, had (1) been expressed in rectangular co-
ordinates, the density and probability functions
would be the same.

**#Pnis is also true for the normal distri-
bution analogue, i.e.,

-
ke © (in pand ©)
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statistically indevendent. This statistical de-
pendence represents a desirable feature of the
hyvothesis.*

With (1) and (2) as a working hypothesis the
next step is the measurement of parameters. The
statement of the hynothesis assumes thet the cen-
ter or pole, 0, is known so that measurements are
from that nole. Hence, let us proceed, in the
first instance, on that basis. Let us assume,
further, that sampling is of persons in the glob-
nle and is random with respect to them, i.e., we
have a random sample of and © distributed as
(2). And, finally, let us assume no errors of
observation. Under these assumptions, the maxi-
mum 1iklihood estimate for /W is

M= E—, 10" (4)
m

It is interesting to note that sampling-wise
4nM/ 44 48 distributed as Chi-square for samples
of 8ize 4n. Conseguently, the F-distridbution is
applicable for testing differences between sample
M!'s. TFurthermore, the Chi-square goodness-of-fit
test seems to be applicable to test the hypothe-
sis itself.

These results are not, however, a solution
to the problems of measurement which arise in
practice.

For one thing, cities are not all circular
in shape; there seems to be no simple general
procedure for adapting the techniaque in cases of
noncircularity.

Second, in practice, sampling can only be
over a finite range for . This, however, is
not a serious drawback. Tabdble II shows the

TABLE II

FRACTION OF POPULATION BEYOND RADIUS r AND
RATIO OF /0 TO /“/'

Fraction of popula?:ion

*
r/ beyond radius /b
P . Y
0 1. 0000 0O
1 . 4060 1.8372
2 . 09158 1.1923
3 .01735 1.04757
L .003019 1.01089
5 . 000499 1.002276
6 . 000080 1. 0004426
7 . 000012 1.0000815
8 . 000002 1.0000144
9 . 0000003 1.0000025
10 . 00000004 1. 0000004

*Approximate correction factor for My to estimate

Note: _4_0_,‘}5 the average distance for afp_f/v

*For the comparable zero-correlation bivar-
iate normal distribution, x and y are, of course,
statistically indevendent. This represents a
very great disadvantage of the normal hypothe-
sis. :
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approximate average error in MN(the mean when
sampling is only out to =/v ) a8 an estimate
oflztabecanse it does not take into account the

fact that sampling is limited to O £ P?/V. 1f
observations are over a radius five times the
average distance, the error is only somewhat more
than 2 parts in 1000 on the average. In practice,
therefore, either observations can be obtained
over a large enouzh range to obviate the need for
adjustment or an aporoximation to the maximum
1iklihood solution as given by

can be used.

Third, in practical apvlications, not only
relative densities, but also absolute densities,
are sought. To obtaln measurements of them
elther the urban area must be completely enumer-
ated or else a supnlementary estimating vrocedure
must be used. This difficulty is not insurmount-
able.

Fourth, there arises the question of the
validity of the random sampling assurmtion.* It
is not easy to resolve this question, particular-
ly since 1t involves the question of specifying
the universe of which the complete enumeration of
an urban area can be a random sample. There ap-
pears to be no forthright solution.

The fifth and last point in this discussion
of the problems arising in measuring e relates
to the necessity for generalizing the measurement
procedure to include measurement of the location
of the center of the urban area (i.e., the origin
or pole for the location coordinates). The prac-
tice has been to designate a point as ‘the center
of a city on the basis of an insvection of the
data or of preconceived notions about where the
center lies. TFor example, Blumenthal (1949) in-
dicates the City Hzll was used as the center for
his data on Philadelphia. Clark (1951 and 1958),
Muth (1960) and Winsborough (1960) use some voint
in the central business district. Reinhardt
(1950) used the city hall as the center. The
practice is, of course, subject to serious short-
comings as a method of measuring parameters. It
should not be used particularly when more effi-
clent procedures based upon the theory of proba-
bility are readily available.

It is convenient to demonstrate the availa-
bility of a valid procedure for measuring the
parameters of location in terms of rectangular
coordinates,**

*Professor O. D. Duncan, Population Research
and Training Center, University of Chicago, raised
the question at first sight of the author's
preliminary work.

**The choice of coordinate systems depends,
of course, upon the one used in obtaining the
observations. Which to use in the observation
process depends 1in turn upon considerations re-
lating to errors of observation--not under con-
sideration at the present time.

The maximum 1iklihood equations for Cx and Cy are

% X —-Cx ,
1 J06- e+ 05 -6)

and similarly for Cy. It is interesting to note
that these are the eguations which locate the
voint from which the averagd distance for points
on a plane is a minimum.

I see no straightforward solution of (6) for
the estimates Cx and Cy. But clearly a succes-
sive aprroximation vrocedure can be used. The
desired quantities are weighted arithmetic means.
Unweighted arithmetic means* can be used as first
apnroximations. On the basis of them, aporoxi-
mate weights can be introduced, and so on. Intui-
tively I believe the efficiency of such estimates
to be high.

Efficient estimation of the center of an ur-
ban area is, of course, of some importance. The
effect of an error in locating the center is to
increase the estimate of the average distance
from the center, i.e., the estimate of 4,
and to reduce the estimate of the veak density by
the souare of the factor involved. Unfortunately,
I have been unable to perform the integrations
necessary to show the relation between C and the
error in M. C is, of course, the distance be-
tween true and false centers. However, it is
clear that an error in M cannot exceed C and must
be substantially less. Further, the square root
of the second moment about the false center to
the second moment szbout the true center is given

vy
\D + 3’“(,%)’? . )

This may.serve as a guide to the order of magni-
tude of the error in M when computed from a false
center.

In practice, various investigators could
hardly err by as much as_g¢, assuming, of course,
some validity to the basic hyvothesis. And per-
haps they do have sufficient insight and intuition
to avoid going off-center by significant dis-
tances. Nevertheless, it is surprising to dis-
cover they had not at least raised the question
of where the center of a city is. It would seem
that investigators would have attemnted to deter-
mine whether the center of a2 city is a court
house, a devartment store, a hotel, a church, a
fectory, a railroad station, ete. It would seem
they would have tried to determine whether the
center of a city moves from time to time. And,
in addition, it would seem they would have at-
tempted to determine whether cities differed with
respect to the activities located at their cen-
ters.

The procedure for measurement which I have
been discussing has not been apvlied, though it
is certainly sound and worthy of consideration.
The observations required are of horizontal dis-
tance on a rectangular grid or of horizontal dis-
tance and direction on a polar coordinate grid.

=0 6)

*The solutions for the bivariate normal
surface.



Densities as such are not observed. Nor need
they be computed in the estimation process and
p goodness~of-fit testing.

An alternate procedure--and the one used by
other investigators--is to take D, i.e., density,
as an observable variable. For the present, let
us assume that there is a value D attached to
each verson in the population and that this value
of D is the one given by his location in the (P,
@) or (x,y) system of coordinates. In addition,
we assume, as before, no errors of observation.

Let us first view our measurement prodlem on
the essumption that the center is accurately
known, If this assumption, in addition to those
previously made, holds and the hyvothesis (1) is
true, then each and every observation must fall
on the line

N
log D = log Do -}0,0 (8)

which is shown on the chart, If one observation

Chart

log D, ~(&)c

-3
log Dy-2(==)C
& Yo w

log D ==o0

True maximum log D

functional

- 2
~ log D = log Dy~—
N8 °/“f

Line of log D
ninima
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is not on the line, then the hypothesis must be
rejected. Furthermore, it may be noted that one
observation is sufficient to determine/b. if
relative densities are measured; and two non-
identical observations are sufficient to deter-
mine/azand N, if absolute densities are measured.
Thus, if a great deal is known, the paremeters
can be measured without regard to the charecter
of the sampling.

To bring our view of the measurement probe-

.lems somewhat more in accord with observational

conditions let us assume the center of location
is not kmown—still assuming, of course, that (1)
is true and observations are perfectly eccurate.
Our variables then become log D and f'. the
latter being the distance from a "false! center.
And the probability function for those variables
is

/
Boundaries of Log D for Svecified P

Lines of log D
maxima

relationf’:,o

N
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where C is, of course, the distance between
"true" and "false" centers. I regret that I
have not had the opportunity to investigate this
probability function. However, characteristics
which I have been able to determine do shed some
1light on our measurement prodlenm.

From a geometrical consideration of (1), the
boundaries within which the universe of observa-
tions of log D and /£all can be determined.
These boundaries are shown on the chart and the
equations for them have been written as part of
(9). Actual observations, therefore, except very
rarely by chance or unless deliberately selected
to do-so, would present a scatter. Neither the
complete universe nor a sample (except extremely
rarely) would appear as the functional relation
(8) vetween density and distance. Farthermore,

for the range ’ <% , &8l observations would
fall below the theoretical functional relation
(8). Finally, it may be noted that, for noncir-
cular urban areas, complete sections of the dis-
tridution might be missing; for example, a city
with a ple slice missing might be observed as one
with a much lower maxima line over the range

ﬂ';e than the one shown on the chart.

If in the process of measurement a false
center is selected and accepted as true, the
hypothesis (1) would be rejected even though -
true. Observations would be interpreted as con-
tradicting the hypothesis (1), first because the
greatest densities would not occur near P’ = 0,
i.e., near the false center, and, second, becsuse
scatter would occur (except very rarely). This
seems to be what other investigators have tended
to do. Colin Clark (1951) states, ™hen (except
in the central business zone)—y = Ae =DPX," He
also wrote (1958): "Density falls as we proceed
outwards from the centre of a city (subject only
to the qualification that at the very heart of
the city most of the space will be occupied by
commercial buildings, and residential density
will be low)," Duncan (1957) remarks: "...the
central area is essentially a non-residential
district vhose resident population density usval-
1y is far below that of the contiguous areas."

Muth (1960) measuring log Density on distance
regressions excludes central business district
census tracts for theoretical reasons which pre-
sumably are in part based upon fact. Reinhardt
(1950) discards the hypothesis in favor of one
which is sufficiently flexidle to permit a rela-
tively flat segment or a hook in the regression
of log D on distance for the shorter distances
from the assumed center.

It may be that these investigators are cor-
rect and the declining exponential hypothesis is
false--at least for part of the distance range.
Certainly, however, an hypothesis should not be
rejected without critical testing in the face of
observations which might be sufficiently consist-
ent with it to confirm it.

With respect to scatter, investigators seem
to be willing to accept it as consistent with the
hypothesis (1). Clark (1958) uses an average
density at a given distance, saying "fitting a
line to the weighted data," i.e., "density of
each individusl ward or census tract as a func-
tion of its distance from the centre of the cityN
"proved to be impracticable.” Muth (1960) with

correlation coefficients squared ranging from
0.022 to 0.74 for samples of 25 census tracts in
each of 46 cities, apparently does not conclude
this contradicts the hypothesis (for part of the
distance range) or requires reconsideration of
the measuring procedure. Yet, the hypothesis (1)
i1f true, indicates correlations should be high
unless the center has been falsely located. And,
1f not high, then the first step in further study
i8 to test the validity of the location of the
center.

If in the process of measurement the center
selected is recognized as a false one, then the
true center can be located--under the assumptions
we have made——either (a) by a triel and error
process of changing the location or (b) by the
solution of a set of equations obtained from &4
non-identical observations. As before, if a
great deal is known, parameters can -be determined
with very few observations and without regard to
the character of the sampling. Of course, many
observations falling on the theoretical function-
al relation strengthen the conclusion and, of
course, one which does not so fall invalidates
the hypothesis.

Thus far, density, D, has been treated as a
measurable characteristic of a person. I now
wish to consider density, , 88 a measuradble
characteristic of an area. This apparently is
the definition used by at least some other inves-
tigators. Corresponding to this change in defi-
nition of density, the definition of the coordi-
nates, (p, @ » OT (x, y) changes to that of loca-
tion for an area.

Under these definitions, the hypothesis sim-
ply becomes (1) with § in place of D and with
( P, 6 ) locating a point within the area. It
is accurate for infinitisimal areas, a close
approximation for small finite areas, and, per-
haps, only a crude approximation for larger fi-

areas.*

#0f course, it is theoretically possidble to
select points within areas which will satisfy a
known functional relation. However, under obser-
vational conditions the location points are se-
lected without knowing the functional relation.



Unlike the case for density as a variable
attached to persons, however, the theoretical
functional relation for density, distance, and
direction specified by the hypothesis does not
entail a probability distribution for the vari-
ables. Hence, in order to proceed at all, a prob-
ability distridution must be introduced into the
theory or model.® As a minimum, it is necessary
to have a conditional probability function.

Other investigators seem to have made the
simple blanket assumption of random normally dis-
tributed log § deviations. This is indicated by
the least squares or regression line aporoach
vith log § as the dependent variable and P/ as
the independent variadble. Further indications
are provided by the failure to discuss variation
in the size of areas, variation in frequencies
from area to area, and effects of non-circularity
of a city.

I am not, at this time, prepared to say the
assumption is wrong, dbut I do wish to probe a bit
into the probvlem. »

Measurement of densities is, of course, es-
sentially a counting of frequencies i1f the areas
are assumed known., Thus we have

S,; = J,,‘/A" (10)

Substituting in hypothesis (1), we have

Loy & -Log A=Ay &, -j:‘;,f:' (11)
as our functional relation. If we assume the

area measurements are without error, then the
probability distridution we seek is that of

Pl %-lp) o

where, as previously noted, 4£,» is the observed
frequggcy and J; » the theoretical frequency for
the 1" area. Obviously, P denends upon how the
£ are generated., But looking at (1) and recog-
nizing that fz may be a binomial variable, one
wonders whether the presumption of random samp-
1ling of persons is not to be used, at least as a
beginning. In short, it appears that, even
though we started by trying to avoid this pre-
sumption, we have come.back to 1t.

The regression technique may vprovide satis-
factory estimates of (¢ under the assumptions
that £{ is a random Dinomial variable, f3 = f3
and any dependence between f{ and f£{ can be neg-
lected. Turthermore, if the fy not equal
but each is small relative to J? f;, aporoximate
adjustments may be possidle by weighting by a
l}.m?]).e function of Ay and 1/f; (in practice
1/2{). -

However, the regression procedure may not
provide satisfactory estimates of log §o . And,
of course, estimation of the parameters of loca-
tion is not included in the regression technique.
In fact, it is precluded by the use of a condi-
tional probability function.

The shortcomings of the regression method
suggest the possibility of using the multinomial
distribution--the standard for random sampling
from a multi-celled universe. The mathematical

*Unless one wishes to accept least squares
per se, or some similar procedure.
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expression, however, does not appear to be tracte-
ble =~the term for the theoretical probability of
an observation in the 4'2 cell veing

2 > "',%, ("
where (13)

Or = VT ET +- &)
=P +C % 26p "Cre($-8)

and k is a factor of proportionality to obtain
unity as the sum of the terms. Thus, the com-
plete multinomiel expression is obviously not
easily apnlied to empirical data.

I have exhausted the time allotted to me.
The results I have presented are, of course, in-
complete and perhaps only of limited usefulness.
I felt it was best to present them now, since
there is no assurance I will have the opvortunity
to do further work. Perhaps others will and it
is my hope that my work to date, such as it is,
will be of use to them.
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